I. Introduction
Let R m = GR(4; m) be a Galois ring with 4 m elements and let R m be the set of units of R m . R m has a multiplicative cyclic subgroup of order 2 m ? 1 
Main results
Let d r (m; j) be the rth generalized Hamming weight for G m (j). In this paper, we consider only the case when m 3 is an odd integer. Recently, Yang and Helleseth determined d r (m; j) for r = 0:5; 1; 1:5; 2; 2:5, and 3 7] . In this paper (Section III), we determine d 3:5 
II. Preliminaries
From now on, we will normally use the capital letters X; Y; A; B, etc., to denote elements in T m , and the small letters x; y; a; b to represent their corresponding projections modulo 2 in F 2 m . For example, we use a = (A), x i = (X i ) 2 F 2 m for A; X i 2 T m , respectively. For a vector c 2 Z n 4 , denote its Hamming weight and Lee weight by w H (c) and w L (c), respectively. Given (c) = fX 1 ; X 2 ; : : : ; X l g, the restriction (c X 1 ; c X 2 ; : : : ; c X l ) of c to (c) will be identi ed as c. Thus for any codeword c in G m (j) (or in P m ) such that 2c 6 = 0, the codeword 2c has even Hamming weight of at least 4, so has Lee weight of at least 8. Proposition 1 Let m, m 3, be an integer and let H m be the extended binary Hamming code of length 2 m : Furthermore let dre be the least integer greater than or equal to r. Then for the Goethals code G m (j) and the Preparata code P m of length 2 m over Z 4 It is easy to prove the following lemma from the de nition of x i , so we omit it here. Proof: Let l 4 be an integer such that l is not of the form 2 i + 1, and de ne c l to be the vector of the form (2 2 2) with support S l given in Lemma 9.
Note that the support of c l is contained in the set fx i j 1 Table I ). Let 4jm and 3 6 jm: By multiplying the last row by 2, and, if necesary, adding to the other rows we can assume 4 = 9 = 14 = 0: Similarly we may assume 1 = 2 = 6 = 7 = 12 = 13 = 0: Thus we obtain G 1 : By using similarly arguments and the matrices given by (30) and (29) we obtain G 2 and G 3 respectively. 2
In the following we examine each of the matrices in Lemma 20 more closely.
We will determine that for 7jm but 3 6 jm; 4 6 jm and 5 6 jm; it is not possible that j (D)j = 9:
The case G 1 Lemma 21 Let m; m 3; be an integer and let P m be the Preparata code of length 2 m over Z 4 : If 7jm but 3 6 jm; 4 6 jm and 5 6 jm, then P m does not contain a submodule generated by the matrix G 1 given by (2) .
Proof: Let D be generated by the matrix G 1 given by (2) and assume D is a submodule of P m ; where 7jm but 3 6 jm; 4 6 jm and 5 6 jm: In the following we show that this leads to a contradiction.
When 7jm but 3 6 jm; 4 whose supports are contained in fX 1 ; X 2 ; : : : ; X 9 g T m : By Lemma 3 we can w.l.o.g. assume X 1 = 0 and X 2 = 1: Then the X i 's are solutions to the following equations.
1 X 3 X 6 + 2X 7 = 0 1 X 4 + 3 X 6 X 7 + 2X 9 = 0 5 X 5 X 6 X 7 + 6 X 9 = 0 1 X 3 X 4 X 5 X 6 X 7 X 8 + 7 X 9 = 0 By Lemma 4 these equations are equivalent to 1 + x 3 + x 6 = 0 ) x 6 = x 3 + 1 Then we use (7) and (6) is a zero of the nonzero polynomial H(x) over F 2 of degree at most 4, i.e. x 3 2 i=4 i=1 F 2 i: Since the x i 's must be pairwise distinct, x 3 6 2 F 2 : Therefore x 3 6 2 F 2 m ; where 7jm and 3 6 jm; 4 6 jm and 5 6 jm: This is a contradiction since we assumed D is a submodule of P m ; where 7jm but 3 6 jm; 4 
This implies x 3 2 F 4 : The remaining three equations are, of course, the same as (7), (8) and (9) since we make no changes in the last three words. Hence from (8) we get that x 7 is a root of a polynomial over F 4 of degree at most 2.
Hence x 7 2 i=2 i=1 F 4 i: Since the x i 's must be pairwise distinct, x 7 6 2 F 2 : Therefore x 7 6 2 F 2 m ; where 7jm and 3 6 jm; 4 6 jm and 5 6 jm: Again this is a contradiction, i.e. when 1 = 0; P m also does not contain a submodule generated by G 1 : 2
The case G 2 Lemma 22 Let m; m 3; be an integer and let P m be the Preparata code of length 2 m over Z 4 : If 7jm but 3 6 jm; 4 6 jm and 5 6 jm, then P m does not contain a submodule generated by the matrix G 2 given by (3).
The proof of this lemma requires a bit more work than the proof of Lemma 21 but rst we do similar calculations as above.
Let D be generated by the matrix G 2 given by (3) and assume D is a submodule of P m ; where 7jm but 3 6 jm; 4 6 jm and 5 6 jm: By exactly the same arguments as in the proof of Lemma 21 we can w.l.o.g. assume 2 = 0; 3 = 2: Again we divide into the cases 1 = 2 and 1 = 0:
First assume 1 = 2: Then, by using Lemma 3 and Lemma 4, we obtain the following equations. We will need the following results on equations (14) and (15).
Lemma 23 Let F(x 3 ) be given by raising the LHS of (14) to the power of 4 and let G(x 3 ) be given by raising the LHS of (15) to the power of 4. Then In the case 1 = 0 we perform similar calculations as above. Here we also have the equations in (11), hence we only have to determine the last four equations. >From the codeword c = (111001000) we obtain the equation
This implies x 3 2 F 4 : The remaining three equations are, of course, the same as (13), (14) and (15) since we make no changes in the last three words. The information we need on (14) and (15) is stated as the following lemma.
Lemma 24 Let F(x 4 ) be given by squaring the LHS of (14) and let G(x 4 ) be given by squaring the LHS of (15). Then Proof of Lemma 22: Let D be generated by the matrix G 2 given by (3) and assume D is a submodule of P m ; where 7jm but 3 6 jm; 4 6 jm and 5 6 jm: Now assume 1 = 2: Then, by the calculations above, there exists an x 3 2 F 2 m n F 2 which is a solution to (14) and (15). In other words x 3 is a zero of the polynomials F(x); G(x) from Lemma 23. Thus, (since x 3 2 F 2 m n F 2 ; where 7jm but 3 6 jm; 4 6 jm and 5 6 jm) there exists an irreducible polynomial over F 2 of degree 7 which is a factor of both F(x) and G(x): Denote this polynomial P 7 (x): Since, by Lemma 23, neither F(x) nor G(x) can have degree 7 they must both have degree 8. Hence F(x) x = P 7 (x) or F(x)
= P 7 (x): Hence G(x) = F(x) + P 7 (x) but then G(x) contains a term of degree 7 contradicting Lemma 23. If F(x) (x+1) = P 7 (x) then G(x) x = P 7 (x) and therefore F(x) = G(x) + P 7 (x) which, as before, contradicts Lemma 23.
Hence, when 1 = 2 and 7jm but 3 6 jm; 4 6 jm and 5 6 jm; P m does not contain a submodule generated by G 2 :
To complete the proof we consider the case 1 This leads to a contradiction since x 4 2 F 2 m; where 7jm and 3 6 jm; 4 6 jm and 5 6 jm: Hence, when 1 = 0 and 7jm but 3 6 jm; 4 6 jm and 5 6 jm; P m also does not contain a submodule generated by G 2 : 2
The case G 3
Lemma 25 Let m; m 3 be an integer and let P m be the Preparata code of length 2 m over Z 4 : If 7jm but 3 6 jm; 4 6 jm and 5 6 jm, then P m does not contain a submodule generated by the matrix G 3 given by (4).
The proof of this lemma is very similar to the proof of Lemma 22. Let D be generated by the matrix G 3 given by (4) and assume D is a submodule of P m ; where 7jm but 3 6 jm; 4 
